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Abstract
In [Boros, Discrete Appl. Math. 96/97 (1999) 29–40] a lower bound was shown for the size of a
maximum renamable Horn sub-CNF of a given CNF. In this short note we show that this bound is
tight for complete d-regular formulae on d variables. In fact, we show that this bound is tight even for
the size of a maximum q-Horn subformula of a given complete d-regular formulae on d variables; the
result for renamable Horn subformulae follows.
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1. Introduction
In [4] a problem of ﬁnding a maximum renamable Horn sub-CNF of a given CNF
was considered and it was shown that this problem is NP-hard. In [1] a polynomial time
approximation algorithmwith guaranteed performance ratio of 4067 was presented. However,
this performance ratio is guaranteed only for cubic Horn formulae. It was also shown there
that given a CNFC, we can always ﬁnd in polynomial time a renamable Horn sub-CNFH
of size |H|∑C∈C |C|+12|C| . In this short note we show that there are formulae, for which∑
C∈C
|C|+1
2|C| is also the upper bound for the size of any renamable Horn sub-CNF, i.e. that
the lower bound in [1] is tight.
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In [2] another class of boolean formulaewas deﬁned, namely the class of q-Horn formulae,
which properly generalizes the class of renamable Horn formulae and the class of quadratic
formulae. In [3] it was shown that we can determine in linear timewhether the given formula
is q-Horn or not. Since each renamableHorn formula is also q-Horn, the lower bound proven
in [1] holds for q-Horn formulae as well. Here we show that this bound is tight even for
q-Horn formulae.
2. Notation, deﬁnitions, and the lower bound
We shall ﬁrst recall some standard deﬁnitions. A literal is a variable or its complement.
We say that a variable is a positive literal and its complement is a negative literal.A clause is
a disjunction of literals with no complementary pair. A formula C is in conjunctive normal
form (shortly CNF) if C is a conjunction of clauses. To simplify notation we shall identify
clauses with the corresponding subsets of literals, as well as CNFs with corresponding
families of subsets of literals, i.e., we shall also refer to the CNF simply as a family C, and
to its clauses as subsets C ∈ C of literals.
Size of CNF C is the number of clauses contained in C (we denote it by |C|, it is simply
the size of the family C). Length of clause C is the number of its literals; we will denote it
by |C|. Length of CNF C is sum of lengths of its clauses. We denote length of C by ‖C‖,
i.e.
‖C‖ =
∑
C∈C
|C|.
A CNF C′ is sub-CNF of CNF C (we denote it by C′ ⊆ C) if each clause contained in
C′ is contained in C too, i.e. a family C′ is subset of a family C.
We say that CNF C is d-regular if |C| = d holds for all clauses C ∈ C. We say that CNF
C depending on exactly d variables is complete d-regular if it is d-regular and it contains
all 2d different clauses. For example C= (a ∨ b)∧ (a ∨ b)∧ (a ∨ b)∧ (a ∨ b) is complete
2-regular CNF. Note that each complete d-regular CNF is uniquely deﬁned.
A CNF C is called Horn if each clause C ∈ C contains at most one positive literal. The
switching of literals u and u in the CNF C is the operation in which every occurrence of u
in C is replaced by u and simultaneously every occurrence of u in C is replaced by u. A
CNF C is called renamable Horn if there exists a subset S of variables, such that switching
variables from S and their complements changes C to a Horn CNF.
For a CNF C we denote by r(C) the size of the maximum renamable Horn sub-CNF of
C.
In [1] the following lemma was proved.
Lemma 2.1. Given a CNF C one can ﬁnd in O(‖C‖) time a renamable Horn sub-CNF
H ⊆ C of size
|H|
∑
C∈C
|C| + 1
2|C|
.
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This implies, in particular, that if each clause C ∈ C is not longer than d (i.e. (∀C ∈
C) (|C|d)) for some d, then
r(C) |C| d + 1
2d
.
So in a complete d-regular CNF C (recall that in such a case |C| = 2d ) we can always
ﬁnd at least d+ 1 terms, which make together renamable Horn CNF. In the next section we
show that this bound is tight even for q-Horn formulae. Since each renamable Horn formula
is also q-Horn, the similar result for renamable Horn formulae follows.
First of all we should recall the deﬁnition of q-Horn formulae, which was presented
in [2].
Deﬁnition 2.2. Formula C =∧mi=1 Ci deﬁned on the set L of literals is q-Horn if there
exists a valuation  of literals,  : L → 〈0, 1〉, such that
(∀l ∈ L) [(l)+ (l)= 1]
and
(∀i)

(1 im) ⇒

∑
l∈Ci
(l)1




.
For a CNF C we denote by q(C) the size of the maximum q-Horn sub-CNF of C.
3. The upper bound for q-Horn formulae
It is easy to see, that each quadratic formula is q-Horn and each renamable Horn formula
is also q-Horn. Moreover, as was shown in [3], we can assume that valuation  takes only
values 0, 12 or 1. Our result is contained in the following lemma.
Lemma 3.1. Having d3 and a d-regular CNF C depending on exactly d variables and
containing exactly d + 2 pairwise different clauses, C cannot be q-Horn.
Proof. We shall proceed by contradiction. Let us assume that we have a d3 and a d-
regular CNF C=∧d+2i=1 Ci depending on exactly d variables and containing exactly d + 2
clauses. For a contradiction let us assume that we have a valuation  which proves that C
is q-Horn. Now let us associate with C matrix A with (d + 2) rows and d columns. The ith
row corresponds to a clause Ci and the jth column corresponds to a variable xj . Elements
of matrix A are deﬁned as follows:
Ai,j =
{
(xj ) if xj belongs to Ci,
(xj ) if xj belongs to Ci.
P. Kucˇera / Discrete Applied Mathematics 149 (2005) 126–130 129
Since C is q-Horn, and it consists of d + 2 clauses, the following inequality must hold:
d+2∑
i=1
d∑
j=1
Ai,jd + 2.
Now we shall show that if we add-up all elements of A columnwise, then this sum is at least
2d. Thus, we will get
2d
d∑
j=1
d+2∑
i=1
Ai,j =
d+2∑
i=1
d∑
j=1
Ai,jd + 2,
which is possible only for d2, and it will be the desired contradiction.
Let us denote
∑d+2
i=1 Ai,j by sj . We shall show that for each variable xj we get
sj =∑d+2i=1 Ai,j2. By this inequality, the proposition of lemma will be proved. We shall
use induction on d. Let us assume as the base step the case d = 3.
Let us assume at ﬁrst that (xj ) = 1. If a positive literal xj appears at least twice in
clauses C1, . . . , C5, then clearly sj2. If a literal xj appears in just one clause, say in C5,
a negative literal xj is present in clausesC1, . . . , C4. If we remove xj fromC1, . . . , C4, we
get complete 2-regular CNF C′ on the remaining two variables. The only valuation which
proves that C′ is q-Horn, gives the value 12 to both these variables. Thus the sum of  over
literals in C5 is 32 and hence C is not q-Horn, which is a contradiction to our assumption.
The only remaining case is when a positive literal xj does not appear in any of the clauses
C1, . . . , C5 and xj appears in all these clauses. If we remove xj from C1, . . . , C5, we get
ﬁve different clauses depending on exactly two variables, which is not possible. Hence, if
(xj )= 1, then sj2.
If (xj )= 12 , then clearly sj= 522. If (xj )=0, we can repeat the proof of case (xj )=1
with roles of xj and xj interchanged.
Now let us assume that d > 3 and that for 3d ′<d the proposition of the lemma holds.
Let us take a variable xj arbitrarily and let us proceed similarly as in the base step.
Let us assume that (xj ) = 1. If a positive literal xj appears at least twice in C, then
clearly sj2. If a literal xj appears in just one clause, say in Cd+2, xj appears in clauses
C1, . . . , Cd+1. If we remove xj from these clauses, we get d + 1 different clauses C′1,
. . . , C′d+1 depending on exactly d − 1 variables. They are really different, since C1, . . . ,
Cd+1 were, and we have removed the same literal from all these clauses. Then by induction
hypothesis C′1, . . . , C′d+1 cannot form a q-Horn CNF, which is a contradiction. If a positive
literal xj does not appear in any of the clauses C1, . . . , Cd , then xj must be contained in
all these clauses. Similar to the previous case, we can show that C1, . . . , Cd+2 cannot form
a q-Horn CNF, which is again a contradiction.
If (xj )= (xj )= 12 , then clearly sj = d+22 2. If (xj )= 0, we can repeat the proof of
case (xj )= 1 with roles of xj and xj interchanged. 
Now we can formulate exact bound for the size of a maximum q-Horn sub-CNF of a
complete d-regular CNF.
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Corollary 3.2. Let C be a complete d-regular CNF and let d3. Then the size of a maxi-
mum q-Horn sub-CNF is exactly d + 1, i.e., q(C)= d + 1.
Proof. From Lemma 2.1 and the fact that each renamable Horn formula is q-Horn, we have
that q(C)d + 1. From Lemma 3.1 we have q(C)d + 1. 
Since each renamable Horn formula is also q-Horn, a complete d-regular CNF C with
d3 obviously fulﬁls r(C) = d + 1. Moreover, it is not hard to observe that a complete
2-regular CNF C is not renamable Horn (though it is q-Horn) and thus for d = 2 in fact
r(C)= d + 1= 3 follows as well.
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